We study 4-dimensional non-charged and charged spherically symmetric spacetimes in conformal teleparallel equivalent of general relativity. We apply the gravitational field equations in non-charged and charged spacetimes to the diagonal and non-diagonal vierbeins and derive their sets of the nonlinear differential equations. It is demonstrated that the Schwarzschild, for the non-charged case, and the Reissner-Nordström, for the charged case, are the only black hole solutions for the spherically symmetric case in the framework of the conformal teleparallel equivalent of general relativity theory. As a result, it is found that in the conformal teleparallel equivalent of general relativity theory, the scalar field cannot have any effect for the spherically symmetric manifold.
I. INTRODUCTION
The conformal symmetry was introduced by Deser, Dirac and Utyiama [1] [2] [3] as a basic construction of the Einstein General Relativity (GR) theory. Dirac constructed the conformal invariant procedure to the Einstein theory [2] as a novel variation principle for the action of GR introducing a scalar field, beside the metric components g µν [4] . The dealing of the conformal gravity was supported by the theory of Ogievetsky [5] which states that "general relativitydiffeomorphism group can be obtained as the closure of two finite-dimensional groups".
Conformal symmetry is an important topic to quantize gravity [6] . This symmetry is recognized in modified constructions of GR, which amendment the small and large scale descriptions of the spacetime. In the small distances one has to modify the behavior of the gravitational field to formulate a renormalizable and a unitary quantum gravity theory. At the large scale domains, the modified theories have to give a consistent solution to the dark energy and dark matter problems. It is shown that a conformal transformation can be carried out in the non-conformally invariant of the Einstein-Hilbert action so that the conformal factor Ω(x) can be pull out from the metric tensor g µν according to the formula g µν = Ω(x)ĝ µν , which can be thought as extra degree of freedom that we can deal with it as an independent variable [6] . The quantityĝ µν is not a tensor due to the fact that detĝ = −1. Indeed, however, the effective theory described withĝ µν is known to be a scale invariant theory [7] . The conformally invariant Weyl theory (quadratic in terms of the tensor of the curvature) has been examined extensively [8, 9 ].
Einstein's GR is not the only gravitational theory, there is also another gravitational theory, "Teleparallel Equivalent of General Relativity (TEGR)" that is introduced in the literature by Einstein [10] (for recent reviews on modified gravity theories to explain the so-called dark energy problem, see, e.g., [11] [12] [13] [14] [15] [16] [17] [18] ). In TEGR, the gravitational field is expressed by the torsion tensor unlike GR whose gravitational field is written by curvature [19] [20] [21] . The main motivation of TEGR is the fact that within its framework, a set of consistent representations of energy, momentum as well as angular-momentum in the gravitational system [22] [23] [24] (for a recent review on f (T ) gravity including TEGR, see [25] ).
In the conformal transformation, there are two methods to write the gravitational Lagrangian: The first method is the one in which we add a scalar field to the Einstein-Hilbert action; while in the second method one has to choose the Lagrangian which is a quadratic term of Weyl tensor. Maluf et al. [26] and Silva et al. [27] have used the first method to construct a conformal teleparallel theory. Silva et al. [27] , in the framework of conformal TEGR, have shown that for a flat homogenous and isotropic spacetime, the cosmic accelerated expansion can be explained. In this work, we apply the field equation of conformal TEGR theory to a 4-dimension spherically symmetric spacetime and explore the effects of the scalar field.
The organization of the paper is as follows. In Sec. II, the conformal teleparallel equivalent of general relativity (CTEGR) formalism is reviewed with the definitions of tensors and the gravitational field equations. In Sec. III, a diagonal 4-dimension vierbein field with the spherical symmetry is applied to the gravitational field equations of CTEGR gravity to find the asymptotically flat general solution of a neutral black hole in 4-dimensions. In Sec. IV, a non-diagonal spherically symmetric vierbein is used for the CTEGR gravity and a solution similar to the diagonal case is found. In Sec. V, the charged gravitational field equations of CTEGR are derived. We apply the charged field equations to the diagonal vierbein field that used in the static case. A general charged solution, which is the only physical solution, is acquired. We again take our procedures to the non-diagonal spherically symmetric spacetime and find that the solution similar to the diagonal case can be obtained. Finally, conclusions are reported in Sec. VI.
II. THE CONFORMAL OF TELEPARALLEL EQUIVALENT OF GENERAL RELATIVITY
The teleparallel equivalent of general relativity (TEGR) is represented by 
Here, the differentiation is carried out with respect to the non-symmetric affine connection, called the Weitzenböck connection, Γ ν λµ , which is defined as [28] 
and ∂ ν := ∂ ∂x ν . The metric tensor in this geometry is given by
with η ij = (+, −, −, −) the 4-dimensional Minkowski metric. The metricity condition is satisfied as a result of Eq.
(1). The torsion, T α µν and the contortion, K µν α tensors are expressed as
The vector of the torsion (contraction of the torsion) is defined as
The scalar of torsion in the TEGR theory is represented as
with S α µν the superpotential tensor, which is the skew symmetric tensor in its first pair and is written as
The Lagrangian of the TEGR theory is described as
with κ = 8π the coupling gravitational constant.
The Lagrangian (8) is not invariant under the conformal transformations becausē
where ω(x) is an arbitrary function. Maluf et al. [26] have investigated that the Lagrangian (8) is not invariant under the transformation (10) . Therefore, we should modify Eq. (8) so that it can become invariant under the transformation (9) . It was shown that the Lagrangian which is invariant under the conformal transformation is represented by [26] 
Here, φ is a scalar field and L m is the Lagrangian of the matter fields. The transformation for the scalar field,
makes the Lagrangian (10) invariant. The variation principle to the Lagrangian (10) with respect to φ leads to [26] 
where the Ricci scalar R can be rewritten as
With the same method, by taking the variation principle of the Lagrangian density (10) with respect to the vierbein L aµ , we obtain [26] 
where
It is important to emphasize the fact that the field equation (12) is reduce to the field equation of TEGR when the scalar field φ = 1 [28] [29] [30] [31] [32] . It is also significant to note that the trace of Eq. (11) is given by
the trace of the energy-momentum tensor. Hence, for the traceless energy-momentum tensor, the term δLm δφ is vanishing identically. In the following sections, we investigate the effects of the scalar field φ on the spherically symmetric spacetime.
III. SPHERICALLY SYMMETRIC BLACK HOLE SOLUTION: DIAGONAL VIERBEIN
The gravitational field equations of CTEGR given by Eqs. (11) and (12) are applied to the spherically symmetric 4-dimensional spacetime. It leads to the diagonal vierbein described with the polar coordinate (r, θ, φ, t) as [33] [34] [35] 
, r, r sin θ , K(r) .
Here, N (r) and K(r) are unknown functions in terms of the radial coordinate r. The metric associated with vierbein (14) is given by
Substituting Eq. (14) into Eq. (4), we acquire the torsion T abc (its non-vanishing components), the vector of the torsion as well as the contorsion
By using Eq. (16), we find the superpotential (its non-vanishing components)
. (17) The substitution of Eqs. (16) and (17) into Eq. (6) leads to the torsion and the Ricci scalars
With Eqs. (16), (17) and (18) in Eqs. (10) and (11) for T νµ = 0, we have (the non-vanishing components)
The components of the torsion T abc is expressed as
The same definition can be taken for the tensors K µνα and S µνα . It is meaningful to recall that the components of the torsion and contorsion tensors are skew-symmetric in the last two indices, while the contorsion is skew-symmetric in its first two ones.
The general solution is represented as
where c 1 is an integration constant.
Now, we give a specific value of the scalar field Φ(r) and find the related values of the unknown N (r) and K(r). First of all, the expression of Φ(r) = 1 r cannot be allowed because for it, the unknown function N (r) has undefined values. If Φ(r) = r, we obtain
By using Eq. (15), we have
Equation (22) implies that the above metric has no well-known asymptotic form, i.e., it has not a flat asymptote or de-Sitter/Anti-de-Sitter. Therefore we must exclude the choice Φ = r. From the continuous investigations in this manner, it is found that the only physical solution 3 read
The metric of the solution (23) is given by
It follows from Eq. (24) that the above metric has a flat asymptote and is coincides with the Schwarzschild spacetime provided that the constant c 1 = −2m [36] . Therefore, we can conclude that for a diagonally static spherically symmetric spacetime the CTEGR theory in the vacuum case has no physical solution except the one known in TEGR which is the Schwarzschild solution. Is the structure of the vierbein given by Eq. (14) responsible for this result? In the next section, we use a non-diagonal form of a spherically symmetric spacetime and consider if the scalar field Φ will have a non-constant value.
IV. SPHERICALLY SYMMETRIC BLACK HOLE SOLUTION: NON-DIAGONAL VIERBEIN
We apply the field equations of the CTEGR theory, Eqs. (11) and (12), to the non-diagonal static spherically symmetric 4-dimensional spacetime, which is described with the polar coordinate (r, θ, φ, t) [37] [38] [39] 
r cos θ cos φ −r sin θ sin φ 0 sin θ sin φ N (r) r cos θ sin φ r sin θ cos φ 0 cos θ N (r) −r sin θ 0 0
By substituting Eq. (25) into Eq. (4), we acquire the torsion T abc (its non-vanishing components), the vector of the torsion and contorsion K abc4 :
With Eq. (26), we obtain the superpotential (its non-vanishing components)
By substituting Eq. (14) into Eq. (6), the torsion scalar is evaluated as
The application of Eq. (25) to the gravitational field equation (11) with T µν = 0 leads to the same components (non-vanishing ones) as in the diagonal case. Hence, the same discussions developed in the diagonal case can be used in this case.
]From the above considerations, it is seen that for the vacuum case and for a spherically symmetric spacetime either diagonal or non-diagonal, the scalar field Φ has no effect. Thus, we study the non-vacuum case in the following sections.
V. A CHARGED SPHERICALLY SYMMETRIC BLACK HOLE SOLUTION

A. Case of the diagonal vierbein
We derive the charged gravitational field equations of the CTEGR. For this aim, we describe the Lagrangian for the charged case as
with L em = − 1 2 F ∧ ⋆ F is the Maxwell Lagrangian, where F = dA and A = A µ dx µ is the 1-form expression of the electromagnetic potential. By carrying out the variation principle to the Lagrangian (29) with respect to the scalar field φ, we acquire the same equation obtained in the non-charged case, i.e., Eq. (11), where δLm δφ = 0, because the trace of the energy-momentum tensor for the Maxwell field is vanishing
Furthermore, by taking the variation principle for the Lagrangian density (29) with respect to the vierbein L aµ , we acquire [26]
Finally, with the variation principle of the Lagrangian (29) with respect to the gauge potential A, we get
It is meaningful to mention that Eqs. (30), (31) and (32) are equivalent to the field equations of Maxwell-TEGR if the scalar field Φ = 1 [36, 39] .
By applying the field equations (30), (31) and (32) to the 4-dimensional spacetime given by Eq. (14) and using Eqs. (16), (17), (18) and the following form of the gauge potential
we obtain the non-vanishing components
where h ′ = dh dr . The above system of the non-linear differential equation, Eq. (34), reduces to the system of the non-charged one, Eq. (19) , if the gauge potential h(r) = 1. Similarly, Eq. (34) reduces to the system of the Maxwell-TEGR theory for Φ = 1 [36] . The above differential equations, Eq. (34), have the following general solution
Equation (35) shows that the solution of the non-linear differential equations given by Eq. (34) cannot determine the unknown functions Φ, K(r), N (r) and h(r) in an explicate form. Hence, we investigate the best form of the arbitrary function Φ which makes the above solution a physical one.
Here, we examine the case that Φ is expressed as
By combining Eq. (36) with Eq. (35), we get
The above solution is not a physical one because the unknown function N (r) is not defined. Thus, we have to exclude the choice of Φ(r) given by Eq. (36).
Next, we choose
By substituting Eq. (38) into (35), we have
The metric of the solution (39) reads
As mentioned before, Eq. (40) implies that the above metric has no well-known asymptotic form. Thus, we must also exclude the choice of Φ = r.
Finally, if Φ = 1, the above system can be represented as
We find that the metric of the solution (41) reads
As discussed earlier, Eq. (42) shows that the above metric has a flat asymptote and coincides with the ReissnerNordström spacetime provided that the constant c 4 = −2m and c 3 = q [36] .
B. Case of the non-diagonal vierbein
By applying the field equations (30), (31) and (32) to the 4-dimensional spacetime for Eq. (25) and using Eqs. (26), (27) , (28) and the gauge potential (33), we acquire the same non-linear differential equation (34) . As a result, we see that the same discussions carried out in the charged diagonal vierbein can also be satisfied here.
VI. CONCLUSIONS
In the present paper, we have addressed the issue to find spherically symmetric black hole solutions in the frame of CTEGR gravitational theory. To aim this task, we have applied the gravitational field equations of the CTEGR theory to a diagonally spherically symmetric spacetime. We have analyzed the entire system of the non-linear differential equations. Moreover, we have found an analytic solution of this system. This analytic solution implies in a clear way that the only physical solution can be derived when the scalar field equal to unity, i.e., Φ(r) = 1. This means that in the case of the spherically symmetric spacetime, the CTEGR theory is identical to the TEGR theory.
In order to find a concrete conclusion if these results are always satisfied for the vacuum spherically symmetric spacetime, we have used a non-diagonal vierbein which has a spherically symmetric spacetime. We have followed the same terminology used in the diagonal case and derived the non-linear differential equation. We have solved this system and obtained an analytic solution which is identical to the diagonal case. It has been shown that for any spherically symmetric spacetime, the only vacuum black hole solution is equivalent to the TEGR solution.
Furthermore, we have studied the non-vacuum solution in order to see whether these results can always be satisfied or not. We have analyzed the charged conformal field equations for the TEGR theory. We have used these field equations for the diagonal spherically symmetric spacetime and explored the differential equations. These differential equations have been solved and an analytic solution has been derived. Similarly to the vacuum case, it has been demonstrated in detail that the only physical solution of this system is the Ressiner-Nordström spacetime with a trivial value of the scalar field Φ(r) = 1. If we repeat the same procedure to the non-diagonal vierbein and apply the charged CTEGR to this vierbein, we obtain the same results of the diagonal charged case. It should be mentioned that for the non-linear electrodynamics in the framework of CTEGR theory, the same conclusion that the scalar field Φ will be trivial to have a physical solution can be acquired.
Thus, it can be concluded that the only spherically symmetric black hole solutions in the framework of CTEGR for non-charged and charged cases are identical to the TEGR black hole solutions with a trivial value of the scalar field such as Φ(r) = 1. This indicates in a clear way that the scalar field Φ in the CTEGR theory has no effect for any spherically symmetric spacetime.
